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We propose in this article an adaptation of the Minima Hopping method to optimize the geometry
of clusters and periodic systems on potential energy surface (PES) such as Bulk Metallic Glasses
and copper systems.

I.

INTRODUCTION

It is well-know that materials’ mechanical properties are strongly dependent on the way their geometries have been
optimized on the Potential Energy Surface (PES). The study of shear band localization in Bulk Metallic Glasses is
one example of this phenomemon1 . The shear band width depends clearly on the cooling rate which has been defined
in order to decrease the control temperature during the simulated annealing procedure2 . The Global Optimization
(GO) is achieved by minimizing the potential energy Epot in configuration space, which means miminimization in the
space spanned by all atomic coordinates. Therefore the optimization procedure is a high-dimensional problem.
0
Epot (~r10 , ~r20 , . . . , ~rN
)=

min

{~
ri }i=1,...,N

Epot (~r1 , ~r2 , . . . , ~rN ),

(1)

It is an important issue because it determines the ground state of any condensed matter systems such as the crystalline
structure of a periodic system, the geometric ground state of a molecule or a cluster, and the native state of a protein.
For computationnal and technical reasons, one has to consider often the lowest local minimum instead of the global
minimum of such functionnals. One of the major problem to achieve the minimization problem (1) is the number of
possible structures, therefore the number of local minima. Let give an order of magnitude. One divides a cubic volume
V with a mesh of size δ in all direction, and tries to compute the combination number of possibilities to put N atoms
on nodes of this mesh. It gives
C=

1
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δ3

( δV3

( δV3 )!
− N )!N !

(2)

As an example let’s take the mesh size δ as a typical bond length δ ' 1A and the volume can be V ' 1000A3 with
N = 10 atoms. This gives for one compound A, C ' 1011 and for two compounds AB, C ' 1014 . The formula (2)
shows clearly that the number of local minima increases exponentially with the number of atoms and prevents to
solve the minimisation problem in a reasonnable computation time for large systems.
Thus, the key challenge of global optimization is to find a very low energy state in a reasonable computational time
on the potential energy surface.
We first present the concept and the flowchart of an adapted version of the so-called Minima Hopping (MH) method,
which is an efficient way to avoid inconvienant features of Simulated Annealing methods. Some numerical comparisons
on metallic glasses clusters between Minima Hopping and Simulated Annealing methods will be presented. The force
calculations will be performed within the EMT framework. We will show that Minima Hopping is a an efficient way
to optimize complex systems such as BMG. An improvement for periodic systems will be presented as an interesting
perspective for BMG and copper systems.
II.

GLOBAL OPTIMIZATION
A.

Algorithms features

In this article, we only focus on systems obeying the Bell-Evans-Polanyi principle (BEP)3 , since most systems found
in Nature satisfy this principle ; these systems are characterized by a PES where the difference in energy between
local minima is correlated to the height of the energy barrier between them.
One can distinguish two well-known ways for global optimization on PES :
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– Thermodynamics-based methods like simulated annealing, ...
– Genetic algorithms : UPSEX, ...
The Evolutionnary Algorithms (EA) are self-improving methods which means that each generation gives ”better”
stuctures than the previous one. One of the greatest advantage of such kind of techniques is that they do not requite
any system-specific knowledge. The main improvement in such algorithms is to induce knowledge of the solution a
priori in the mutation rules. The basic idea of the thermodynamic-based approach is to generate a Boltzmann distribution. At sufficiently low temperature, the ground state configuration will be the dominant configuration. But one
doesn’t know how fast the equilibrium distribution is obtained. The Monte-Carlo works fine for funnel-like landscape
and is not very efficient if the PES landscape consists of several funnels because the systems remains trapped in a ”
wrong” funnel. In fact, because of the Boltzmann factor e−β∆E all moves that try to escape from a basin or (wrong)
funnel are rejected at low temperatures.
Because it is similar to metallurgical process where one wants to cool a metal, the Simulated Annealing algorithm
(SA)2 is one example of algorithms commonly used to optimize a geometry. During the cooling, the atoms organize
in a crystalline structure. If the speed of cooling is too fast, the metal will be fragile. To avoid weakening the metal,
one carries out the cooling by stages. One lowers the temperature, and waits a certain time before cooling again.
The principles of simulated annealing are similar. It is therefore a very simple implementation of a thermodynamical
concept which uses a markovian process based on a Metropolis algorithm which leads to a Boltzmann distribution. The
ground state will be the dominant one at the low temperature. However, this algorithm can visit the same state many
times, thus increasing the computational time, and fast cooling rates lead to trapping in local minima. It converges
to the global minimum at infinite time. Other disadvantages are, first, that this algorithm can oscillate between close
states, and second, that the cooling rates in molecular dynamics simulations are 6 or 7 orders of magnitude greater
than the experimental ones.
Finally, one needs to build an algorithm which realizes when it gets trapped . This requires to keep track of configurations history and therefore breaks Markov’s chains. The main challenge is to explore new low-energy regions of the
configurations as fast as possible and not to revisit known regions of the configurationnal spaces.
B.

Minima Hopping

The Minima Hopping algorithm (MH)4 is the latest example of methods which are not derived from thermodynamical concepts like ART, basin hopping, minima hopping, ... .
This algorithm computes new local minima as fast as possible and avoids visiting the same local minimum several
times. Its flowchart is very simple as shown in figure (1),
1. Move the system to a local minimum
2. Let the system go over barriers to another minimum by giving kinetic energy
3. Adjust the kinetic energy of the system depending on wether or not the state has been previously visited
– Reduce the kinetic energy when mapping out new states
– Increase the kinetic energy if trapped in already known states
We have found that two different algorithms are well-designed for the step (1) :
– Molecular Dynamics Minimization (MDMin) : this algorithm is using the fact that in molecular dynamics simulations, it is most probable that an atom does not move directly or away to the potential energy minimum.
The atom is approaching a local minimum for the potential energy as long as its mechanical power is positive
dEpot,i
F~i · v~i = −
>0
dt

(3)

. Of course, if the mechanical power is zero, it means that the atom is close to its potential energy minimum. If
the mechanical power is negative
F~i · v~i < 0

(4)

, one can zero the atom’s velocity (or momentum) in order to remove the kinetic energy. This last is close to its
maximum if the atom is close to its potential energy minimum, and the force acting on the atom will push it
closer to the minimum.
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– Conjugate Gradient-Steepest Descent method Combination (CGSDC) : Conjugate Gradient methods (CG) are
very well-suited for quadratic functionals since it converges theoretically in a number of steps equal to the space
dimension. The linear search for such functionals can be done analytically. Thus, it is much more powerful to use
it in a region close to the minimum, because the functional is dominated by its quadratic part, and to use the
Steepest Descent method (SD) far from quadratic regions.
The idea of CGSDC is to switch back and forth between CG and SD methods according to the shape of the PES.
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Fig. 1: Minima hopping flowchart.
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Step (2) distributes the velocities according to a Gaussian distribution, which is just a Maxwell distribution of
kinetic energy.
Step (3), which consists of comparing already visited states to new ones, is the key stone of the algorithm. The accuracy
of the energy computation is decreasing with the system’s size, therefore comparing only the energies is sufficient for
small systems and not for larger ones. Thus, the kinetic energy distributed to the atoms in step (2) increases. In
order to avoid this problem a geometric configuration analysis is necessary, as well. Unfortunately, discrete geometric
analysis creates numerical noise. This noise leads to a decrease of the kinetic energy. Numerical tests have shown that
these two features have a non-negligible influence on the behaviour of the MH algorithm. It is therefore important
to find a reasonable way to compare two systems’ configurations. We propose to compare the energies according to a
defined threshold, which can be the square of the forces’ threshold, and to compare the configurations by computing
the following quantity defined for each of the N atoms
X  r c n
di =
− 1, n ∈ N∗
(5)
rij
j∈N (i)

where rij is the distance between atom i and atom j and N (i) is the list of first neighbours of the atom i within
a sphere whose radius is rc , which can be fixed to the EMT cut-off radius. The {di } are thus continuous and this
prevents having numerical noise due to the computation of the distances between atoms. In the framework of EMT
interatomic potentials, all these quantities are computed in a linear-scaling time according to the size of the system.
In order to decrease in a substantial manner the CPU time, it us useful and powerful to parralelize MH. This can be
done on two ways :
– the system can duplicated on each processor, and they exchange and update the history list when a new local
minimum is found.
– a domain decomposition of the system can be done and each processor takes care of a part of the atomic system
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Fig. 2: Minima Hopping progress for a 32 atoms cluster of Cu14.5 Mg84.5 glass.
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Comparison between SA and MH on Mg-Cu Alloy with 32 atoms
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Fig. 3: Comparison between Minima Hopping and Simulated Annealing with different cooling rates for a 32 atoms cluster of
Cu14.5 Mg84.5 glass.

III.

BULK METALLIC GLASSES PREPARATION
A.

BMGs’ features

Since their discovery in the 1960’s as rubbons, metallic glasses have inspired much research because of their several
interesting thermomechanical properties 5,6 . Important advances have occured with the development of the so-called
Bulk Metallic Glasses (BMG) or amorphous alloys 7,8 , creating many potential applications and better physical
measurements. Metallic glasses are often called supercooled liquids because their cooling rates are greater than those
of crystalline materials. Thus, supercooled liquids are cooled from a melt so rapidly that they don’t have time to
crystallize. As amorphous materials, they exhibit a short-range order, and their plastic flow properties are essentially
due to local viscosity and local temperature-change phenomena. One advantage of metallic glasses is that their melting
temperature is lower than metals, which permits easy synthesis. Mg-based bulk metallic glasses such as Mg60 Cu30 Y10
are very interesting because of their low weight and high strength (comparable to high-strengh steel). The fact that
there are no dislocations in such materials results in higher yield stresses and low elastic constants. This last property
gives them the possibility to easily storing elastic energy. Unfortunately, the appearance and localization of shear bands
renders metallic glasses brittle. Many theoretical and computationnal studies are in progress in order to reproduce
these shear bands in Cu-Mg or Cu-Zr based metallic glasses and to investigate the interaction between shear bands
and Cu-nanocrystallites.
Therefore, before studying mechanical properties, one has to find a well-cooled geometrical configuration.

B.

Glass formation

We have studied the thermomechanical behaviour of both the binary alloys Cux Mg100−x for x=14.5 and Cu50 Zr50 .
It is easier to build atomic potential for a binary alloy rather than for a ternary one. The parameters have been
fitted within effective medium theory (EMT) according to experimental and DFT datas9 . Their functionnal form is
very simple and one needs just a few number of parameters for each element. They are identified according to lattice
parameters, cohesive energy, elastic constants, vacancy formation energies, stacking fault energies.
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One of the main feature of the binary alloy Cu14.5 Mg85.5 is that it is not a real binary BMG, but it is a binary cousin
of Mg60 Cu30 Y10 . s strengh is comparable to high-strengh steels. However Cu50 Zr50 is a real BMG.
C.

BMG’s cluster geometry optimization

Before to study thermomechanical properties of BMG, therefore inifinite or semi-infinite BMGs, we focused on BMG
clusters in order to compare the convergence speed between those two algorithms. The system has been thermalized
above the copper melting point which is about 1358 K by a combination of Langevin and Nosé-Hoover molecular
dynamics. The figure (3) shows clearly that for a 32 atoms BMG cluster, Minima Hopping is faster than the Simulated Annealing method with different cooling rates. This not true for larger systems because some numerical noise
perturbates Minima Hopping forces calculations and larger the system is, larger is the numerical noise.
IV.

MINIMA HOPPING’S PERSPECTIVES FOR PERIODIC SYSTEMS

Up to now, we have only used MH to optimize the geometry of small clusters. It needs a modification to use it for
periodic systems. If MH is applied for infinite systems, one has to allow the cell shape to change else some stacking
faults can appear and not be removed event after a large calculation time as it is shown on figure (6).
However, SA is not so efficient for studying BMG ductilization. As said before, one the goal is to prevent shear
band localization. One idea is to introduce a hard material, as copper crystalline in order to prevent the shear band
appearance. Unfortunately, this problem is hard to tackle and the cooling can give some dislocations at the interface
between the BMG and the nanocrystalline as exhibited on figure (4). Moreover, if the optimization doesn’t converge
correctly, the nanocrystalline is rotating during the shearing and not preventing the shear band localization.

Fig. 4: Appearance of dislocations at the interface between the BMG and the Cu nanocrystalline..

Thus, what is needed is to find a better GO algorithm in order to allow the unit cell to be optimized as well by
means of continuum and molecular mechanics theory. The main idea is to use define a new problem for the potential
~
energy functionnal which includes the unit cell ~h :
~
Ẽ(~h) =

min

{~
ri }i=1,...,N

~
Epot (~r1 , ~r2 , . . . , ~rN ; ~h),

(6)

One has to be careful, because the unit cell matrix is a functionnal of the atomic position as well. This yields to
X ∂Epot ∂hµ,ν
∂Epot
∂ Ẽ
=
+
∂~ri
∂~ri
∂hµ,ν ∂~rj
µ,ν,j

(7)
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Fig. 5: Shear band localization of a 64000 atoms BMG with a Cu nanocrystalline. It is not prevented by the introduction of a
Cu nanocrystallite due to the fact that it is rotating during the shearing.

Fig. 6: MH simulation sampling according to computation time (from top to bottom and left to right) of a copper periodic
system geometry optimization with 256 atoms unit cell. Starting from a random configuration, it appears that the systems
converges to a configuration with stacking faults because the unit cell is not allowed to change.

If one optimizes the unit cell geometry, which means that

∂Epot
∂hµ,ν

∂ Ẽ
∂Epot
=
∂~ri
∂~ri

= 0, it remains
(8)

This shows clearly that the minimization problems (6) and (1) are consistent.Thus, the potential energy can be
optimized by step according to the unit cell shape and the atomic positions. During a strain at the atomic scale, the
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primitive cell vectors ~a, ~b et ~c change as
t
 t


~a0
~a
~
 ~b0  = ~1 + ~~ ·  ~b  ,
~c0
~c


(9)

and the potential energy becomes
Ep =

X

V (~~ · ~xi − ~~ · ~xj )

(10)

i<j

The relation between the stress tensor and the strain one comes from the diffential expression of the potential energy
which can be identified to the internal energy of the system where the contribution of the elastic energy is taken into
account :
dEp = −F~ · d~r + Ω · ~~σ : d~~
= −F~ · d~r + Ω · σij · dij

(11)
(12)

which can be identified to
~ ~r Ep · d~r + ∂Ep dij
dEp = ∇
∂ij

(13)

with the Einstein’s convention. This yields to
σij =

1 ∂Ep
Ω ∂ij

(14)

In the crystalline case, the volume Ω is the volume of the primitive cell Ω = ~a ·(~b×~c). However in the amorphous case,
it corresponds to Voronoı̈ polyedron volume, which is analogous to the Wigner-Seitz cell for the cristalline materials.
This volume depends on the atom around which it is calculated and therefore is not constant for an amorphous
material. Since one would like to fill the space with the primitive cell, one has to constraint the stress tensor ~
~ to be
symmetric. Thus, it depends only on 6 matrix elements. One has to cancel the stress tensor ~~σ which is the gradient
of an energy 6-variables functionnal. This means that
∂Ep
= Ω · σij = 0
∂ij

(15)

The stress tensor can be computed by means of the virial theorem which states that for any atom α :
1 X α−β α−β
atom α
σij
=
fi
rj
2Ω

(16)

atoms β

The sum has to be calculated only for the atoms whose distances is not greater than interatomic potential cut-off.
The sum list for the atoms α can be computed in a cleaver way because it yields to a repetead sum on atom pairs.
1
1 X α−β α−β
atom α
σij
= mα viα vjα +
fi
rj
(17)
Ω
2Ω
atoms β

The stress tensor is simply
σij =

X

atom
σij

α

(18)

atoms α

One notes that for a periodic system, the interaction calculation is done for all atomic pairs.
~ri − ~rj + k1 · ~a + k2 · ~b + k3 · ~c

(19)

with ki ∈ Z, i = 1, 2, 3.
Since the interactions are finite-range, the set ki is a finite one ki = −ni , ..., ni For each iteration, the ni can be
computed in that way :
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~
1. Build the primitive cell matrix ~h
~ ~
2. Diagonalize the metric tensor ~ht · ~h in order to obtain its eigenvalues λi
λi
) + 1, where rcutof f is the potential cut-off.
3. Compute ni = ceiling( rcutof
f
After each optimization according to the atomic positions the algorithm has to switch to the unit cell optimization.
The atomic positions have to be implemented in relative coordinates in that process.
Elastic energy optimization according to the cell geometry has to be achieved at the same time than the atomic
positions but with different parameters. Indeed, the cell optimization has to be slower than the atomic positions one.
Different algorithms can be used but the simplest is a steepest descent method with a constant parameter adjusted
by hand.

A.

Numerical tests on copper periodic system

Because no reference configurations are well-known for copper-based BMG, it is interesting to start first with the
GO of Cu, Mg and Zr and to check if GO process is going on. Only copper results are exhibited here even if one
has tried the methods for the other systems and seen that there is no differences between them. If one optimizes a
256 atoms periodic Cu system without unit cell optimization, the algorithm doesn’t converge as shown in figures (7)
and (8). But MH with unit cell converges clearly below the FCC ground state whose energy is -0.15 eV and finds a
configuration with a lower value of -0.40 eV. Figures (9), (10) and (11) shows that the MH with unit cell optimization
is very efficient and very fast and can be a important concurrent of other algorithms like SA.

V.

CONCLUSION

In order to reproduce correctly thermomechanical properties of EMT interatomic potential systems, one has adapted
a version of the Minima Hopping method gor geometry optimization. Compared to Simulated Annealing method, MH
is much faster and accurate to find low-energy state for small systems. Some improvement can be done in order to
find it for periodic systems by allowing the unit cell shape to change at each local optimization.
One has succeeded to optimize Cu periodic systems with this modified version of Minima Hopping in a reasonnable
computation time. Some efforts and more research have still to be done in the future in order to improve the method
and to make it less parameter-dependant.
However this method is a good candidate to find low-energy state of EMT interatomic potential systems like Cu, Mg,
Au and BMG systems. The modified-MH algorithm is susceptible to treat systems with other interatomic potential
(Lennard-Jones, Morse, Force Field, ...).
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